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osting by EAbstract A method based on Hamilton’s principle and spectral analysis has been applied recently
to nonlinear free vibrations of two and multi-degree-of-freedom (2-dof) and (N-dof) systems with
cubic nonlinearities. This leads to calculation of the nonlinear free modes of vibration and their
associated nonlinear frequencies. More recently, this method has also been applied to examine
the nonlinear forced transverse steady-state periodic response of 2-dof systems made of two masses
and four spiral springs. The objective of the present work was the extension of this method to the
nonlinear forced transverse steady-state periodic response of N-dof systems made of N masses and
N+ 2 nonlinear spiral springs. Its dynamic behavior has been described in terms of the mass
tensor, the rigidity tensor and the fourth order tensor due to the nonlinearity. In order to solve
the nonlinear algebraic system obtained, the corresponding linear free vibration problem was ﬁrst
solved. After determination of the linear eigen vectors and eigen values, a change of basis, from the
initial basis – i.e. the displacement basis (DB) – to the modal basis (MB), has been performed using
the classical matrix transformation.
The new nonlinear algebraic system has then been solved using the so-called ﬁrst formulation
developed in previous works. This has lead to explicit expressions for the nonlinear frequency5 73 33 53.
(A. Eddanguir).
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192 A. Eddanguir et al.response function in the neighborhood of each of the N modes. A computer program has been
written using Matlab Software. This has allowed the N-dof system nonlinear forced vibrations to
be automatically examined, in the neighborhood of each mode, for any distribution of parameters
in a systematic and uniﬁed way.
 2012 Ain Shams University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
Real structures are complex and are made of deformable com-
ponents. Generally, their mechanical description in terms of
displacements, strains, stresses or load distributions, requires
the use of continuous functions of one, two or three variables.
This leads to models with inﬁnite numbers of degrees of free-
dom. However, it is sometimes reasonable, and fully justiﬁed
for given practical purposes, to describe a real structure as a dis-
crete system with a ﬁnite number of degrees of freedom. This
may considerably simplify both the mathematical analysis
and the physical understanding of the mechanical behavior of
the system under examination. The simplest case of a system
with a ﬁnite number of degrees of freedom is that of a single de-
gree of freedom system. In many instances, despite its extreme
simplicity, such representation is sufﬁcient to describe the struc-
tural dynamic behavior under speciﬁc conditions. It also often
allows a good understanding of many qualitative and quantita-
tive aspects of this behavior, such as the notions of natural fre-
quency, frequency response function, damping, resonance, etc.
However, although the single degree of freedom representation
of a given structure may often be useful in easily describing its
dynamic behavior in the neighborhood of a given vibration
mode, it cannot provide any information neither about the con-
tributions of the other modes nor about the coupling between
the modes, especially in the nonlinear regime. Moreover, when
the nonlinear effects are signiﬁcant and cannot be neglected, the
modeling process becomes more sensitive to the simpliﬁcations
made. This will be shown throughout the present work mainly
concerned with nonlinear discrete models.
The main objective of the present paper is the treatment of
the transverse steady-state periodic forced response of N-dof
systems with cubic nonlinearities. The method applied is based
on Hamilton’s principle and spectral analysis, using the linear
mode shapes of the structure as basic functions. It reduces the
large vibration amplitude problem to a set of nonlinear alge-
braic equations numerically solved for each value of the vibra-
tion amplitude. To introduce this general presentation, a short
discussion relevant to the types of discretisation generally
made in structural dynamics is provided, followed by a discus-
sion of the general interest and the consequences of the process
of discretisation of real structures from both the physical and
mathematical points of view. Few related topics are also brieﬂy
mentioned, such as the shift of the models from analysis to
algebra when a real continuous system is discretised, and the
concept of nonlinear modes for both continuous and discrete
systems.
1.1. Discrete models
When dealing with structural dynamics, and as stated in [1],
two types of discretisations may be encountered in the
modeling process. Both cases lead to the reduction of acontinuous model to a model with a ﬁnite number of degree
of freedom:
1. The mathematical discretisation resulting, for example,
from the expansion of an unknown function, such as the dis-
placement and the strain or the stress, as a series of well cho-
sen basic functions. Such a situation leads to a ﬁnite degrees
of freedom problems if a truncation of the series is per-
formed due to practical reasons of simplicity and efﬁciency,
followed by a validation based on a convergence process.
2. The physical discretisation, where the real physical system
is divided into small pieces, each of which being considered
as a rigid body. The adjacent components are supposed to
be appropriately connected to each other in order to
describe the type of liaisons involved, using longitudinal
springs, rotational springs, friction, viscosity, etc.
From the mathematical point of view, the partial differen-
tial equations which describe, in both cases, the continuous
behavior in terms of one or more spatial variables are re-
placed by a set of differential equations involving the general-
ized coordinates deﬁning at each instant the position of the
N-dof system considered. If a harmonic motion is assumed
for a linear system, the set of differential equations may be
easily replaced by an algebraic eigen value problem, leading
to the dynamical system mode shapes and natural frequen-
cies. If the system is nonlinear, the assumption of a harmonic
motion is known both experimentally and theoretically to be
only an approximation [2–6]. Approximate procedures, such
as the harmonic balance method when using the partial dif-
ferential equation or the integration of the time functions
through a period of vibration when using Hamilton’s princi-
ple, are necessary in order to obtain the associated nonlinear
algebraic system, often called the amplitude equation. The
concept of nonlinear mode shapes will partially be discussed
below. However, it can already be noted that, as has surpris-
ingly been stated in [7], the analytical methods, i.e. the meth-
ods of the mathematical analysis which deal with functions
and partial differential equations and which lead to eigen
functions and eigen parameters and the algebraic methods
which deal with matrix algebra and lead to eigen vector
and eigen value problems, show a very good agreement, with
the latest converging to the formers when the number of de-
grees of freedom is increased. From the physical point of
view, it is true that discrete systems, made of few concen-
trated masses connected by springs, may appear to be too
simple, compared to the complexity of real systems, made
of deformable bodies, subjected to continued vibrations and
deformations and requiring very sophisticated mathematical
tools in order to be described and analyzed.
However, for many reasons, such discrete systems play an
important role in the theory of vibration among which we
can list:
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habits of thinking.
2. They allow simply deﬁning and illustrating the role played
by the main parameters encountered in the vibration ﬁeld,
such as inertia or mass, elasticity, stored energy, damping,
natural frequency, modes of vibration, resonance, etc.
3. They may give a deep insight to what really happens locally
in an elastic medium, with an easy transfer of concepts,
from a concentrated mass to a mass density, from a force
to a stress, from a displacement to a strain, and so on.
4. May be the main practical reason is that they are very use-
ful for developing relatively simple models, describing com-
plex situations, almost impossible to describe completely
using continued models.
For the last reason, many researchers [1,8–15] have moved
after two decades of works on nonlinear vibrations of contin-
uous structures, such as beams, rectangular and circular homo-
geneous and composite plates, rings and shells, to discrete
systems, started in [1], and followed by other researchers
[16–21]. The dynamics of all of the above mentioned types of
structures has been modeled within the same frame work, char-
acterized by three tensors, i.e. mij for the inertia, kij for the lin-
ear rigidity and bijkl for the nonlinear rigidity. This leads, in all
cases, to a formally identical amplitude equation, solved by
very similar methods.
The main principle of the linear modal analysis, which is
still widely used in the ﬁeld of structural dynamics, is the
assumption that the dynamics of the system under examina-
tion may be described with enough accuracy by few modes
which are sufﬁcient to represent the main aspects of its struc-
tural behavior. These modes may exactly be determined only
in very rare situations with simple geometries, such as few
cases of beams and plates in which an analytical solution is
possible. In another class of situations, with still a quite simple
geometry, they can be calculated numerically with a good pre-
cision. In all of the other cases, i.e. in most of the real cases,
there are only two means for estimating the modes for analyz-
ing the system dynamics:
1. The ﬁnite element methods, based on various ways of phys-
ical discretisations and mathematical approaches.
2. The experimental modal analysis, in which the modes are
estimated experimentally from measured data.
In the nonlinear case, which corresponds to the real case,
the situation is considerably more complicated from both the
theoretical and practical points of view. Theoretically, the
superposition principle does not apply to nonlinear systems,
the existence and uniqueness of solutions is not always
guaranteed [22]. This makes mathematical analysis much more
complicated. From the practical point of view, many new
physical behaviors enter into consideration with nonlinearity,
making it almost impossible to develop a complete and simple
description. These behaviors involve the mode shapes and
resonance frequencies amplitude dependence, the jump phe-
nomena, the harmonic distortion of the nonlinear response,
the internal resonance, the modal coupling, the existence of
bifurcation points, the occurrence of chaos, etc. [23–27].
Despite such a complexity, a considerable amount of research
has been devoted to the investigation of the nonlinear struc-
tural behavior, including:1. Experimental investigations [28–35].
2. The introduction of various deﬁnitions and new concepts
[36–49].
3. The development of analytical approaches such as the mul-
tiple scales method, the asymptotic numerical methods [50],
Benamar’s method discussed for example in [51], and the
hierarchical ﬁnite element methods [52–54].
4. The investigation of solution procedures such as the pertur-
bation procedures [55], the various forms of the linearized
updated method [56,57], and kadiri and benamar’s ﬁrst
and second formulations leading to explicit expression for
the nonlinear frequency response functions in the neighbor-
hood of each mode [58,59].
Without attempting a general and complete survey, which
would be very interesting but would considerably exceed the
objectives of this introduction, the following three subsections
will be devoted to a brief review. They will deal with two
important approaches to the concept of what has been called,
depending on cases, the nonlinear normal modes or the nonlin-
ear mode shapes, which despite considerable amount of work
is still under examination [60,61]. Since these two approaches
have mainly been initiated in a mathematical context for one
of them and in an engineering context for the other, they will
be designated, in what follows, as the mathematical approach
to the nonlinear normal modes of vibration and the engineer-
ing based approach to the nonlinear mode shapes and reso-
nance frequencies of thin straight structures.
1.2. The mathematically based approach to the nonlinear normal
modes of vibration
After the leading theoretical works of Poincare´e [62] and
Lyapunov [63] on nonlinear systems, Rosenberg was the ﬁrst
to propose an extension of the concept of normal modes of
vibration – very well established in linear theory of vibration
– to the nonlinear case. In his early work [36,37], he deﬁned
the nonlinear normal modes (NNMs) for discrete conservative
systems with a multi-degree-of-freedom, as motions where all
masses have periodic vibrations with the same period and reach
their maximum amplitudes and pass their static equilibrium
points at the same time. In the N dimensional conﬁguration
space, a nonlinear normal mode occurs on a curved line passing
through the equilibrium position. It degenerates to a straight
line for linear modes. The theory of NNM has been discussed
by Vakakis [64] and used to study forced resonances of nonlin-
ear systems and nonlinear localization of vibrational energy in
symmetric systems. Additional applications of NNMs to modal
analysis, model reduction, vibration and shock isolation
designs and the theory of nonlinear oscillators were also dis-
cussed. In [65], the study was restricted to one and two degrees
of freedom systems, with a unilateral constraint on one of the
degrees of freedom, for which the response can analytically
be determined. Generalized frequencies, modes and masses
were built in the procedure. The results obtained for various
sets of parameters indicated some limitations to the validity
of a general modal superposition formula. In the last few years,
2-dof systems have been treated in many papers [66–68],
Lewandowsky has treated in [69] a symmetric 2-dof system
using the classical Galerkin’s method and compared the result
with those based on Benamar’s method. A further step has been
accomplished in this ﬁeld by Shaw, Pesheck and Pierre
194 A. Eddanguir et al.[42–44,70], based on a new Galerkin’s approach using a new
deﬁnition of the NNM’s based on the invariant manifolds for
accurate nonlinear normal modes of discrete systems. This
approach was extended to nonlinear normal modes under har-
monic excitation [71], leading to determination of the frequency
response for a simple 2-dof mass-spring system with cubic
nonlinearities and for a discretized beam model with 12-dof.
This theoretically based approach has been recently improved
by new deﬁnitions and applications in [49,72–77] . In [61],
one can ﬁnd an interesting review and comments on the subject.
1.3. A brief review on the engineering based approach to the
nonlinear mode shapes and resonance frequencies of thin straight
structures
In the 1970s, White and his coworkers at the ISVR1 performed
a considerable experimental work on various aspects of struc-
tural vibration and started the investigation of the nonlinear
behavior under both harmonic and random excitations
[78,79]. In his (1982) PhD thesis [31], a systematic and careful
investigation was carried out by Bennouna in order to measure
the amplitude dependence of the fundamental mode shape of a
clamped–clamped beam, with the associated nonlinear fre-
quencies, bending and axial stress distributions [2,3]. An at-
tempt was also made to develop simple numerical models in
order to explain the experimental results. In his (1990) PhD
thesis [32], Benamar extended the work of Bennouna to plates
and made systematic measurements of various homogeneous
and composite plates amplitude dependent mode shapes and
frequencies. In order to explain the facts observed, he devel-
oped a general model based on Hamilton’s principle and spec-
tral analysis to calculate the amplitude dependent mode shapes
and resonance frequencies which we will present below and
which has been called Benamar’s method [20] later on. The
goal of this method is to contribute to develop a theory of non-
linear modal analysis, which could, in a uniﬁed manner, be ap-
plied in the same way as the theory of linear modal analysis, to
several nonlinear problems, to a good qualitative understand-
ing of some fundamental aspects of nonlinear behavior. It will
also allow easy quantitative calculations to be made of nonlin-
ear dynamic characteristics such as nonlinear resonant fre-
quencies and associated mode shapes. This method is based
on Hamilton’s principle and spectral analysis, using the linear
mode shapes of the structure as basic functions. It reduces the
large vibration amplitude problem, to a set of nonlinear alge-
braic equations which is solved numerically for each value of
the amplitude of vibration. This method has been applied to
solve different problems of free and forced vibrations of differ-
ent structures, with various geometries and boundary condi-
tions [4–6,8–21,34,35,58,59]. In all of the problems treated,
the nonlinear vibration problem is presented by the mass ten-
sor, the rigidity tensor and the nonlinear rigidity tensor. Most
of the time, the last tensor is a fourth order tensor. A nonlinear
algebraic system is obtained, which reduces for small ampli-
tudes of vibration to the classical linear eigenvalue problem,
well known in linear modal analysis theory. Many solution
procedures have been adopted, such a the iterative method,
the linearized method or the explicit procedures, leading in1 Institute of Sound and Vibration Research. Southampton
University, UK.each case to a set of amplitude dependent mode shapes with
the associated amplitude dependent nonlinear frequencies.
1.4. The main objective of this work
The objective of the present work is the treatment of the
transverse steady-state periodic forced response of N-dof sys-
tems with cubic nonlinearities, using the method applied in
references [2–7], to the investigation of nonlinear vibration
problems. Recently, this method has been applied to nonlin-
ear free vibrations of two-degree-of-freedom (2-dof) [16] and
multi-degree-of-freedom (N-dof) discrete systems with cubic
nonlinearities [17] leading to calculation of the nonlinear free
modes of vibration and their associated nonlinear frequen-
cies. More recently, this method has also been applied to
examine the nonlinear forced transverse steady-state periodic
response of 2-dof systems, made of two masses and four
spiral springs [18].
The second main objective of this work is the extension of
this method to the nonlinear forced transverse steady-state
periodic response of N-dof systems, made of N masses and
N+ 2 nonlinear spiral springs [19], the dynamic behavior of
which being described in terms of the mass and rigidity matri-
ces, and the fourth order tensor due to the nonlinearity. In
order to solve the nonlinear algebraic system obtained, the cor-
responding linear free vibration problem was ﬁrst solved. After
determination of the linear eigen vectors and eigen values, a
change of basis from the displacement basis (DB) to the modal
basis (MB), has been performed using the classical matrix
transformation. The new nonlinear algebraic system has then
been solved using an explicit method developed in previous
works leading to the nonlinear frequency response function in
the neighborhood of each of the N modes. A computer
program has been devised, using Matlab Software, allowing
the nonlinear forced vibrations of the N-dof systems to be
examined for any distribution of parameters in a systematic
and a uniﬁed manner.2. Governing equations
The system shown in Fig. 1 is a multi-degree-of-freedom sys-
tem (N-dof) made of N masses and N+ 2 spiral springs, with
Clr and C
nl
r being respectively the linear and nonlinear cubic
rigidities of the rth spiral spring. The springs are attached by
identical bars of length l, supposed to be massless, not inﬁ-
nitely rigid, and made of an elastic material which may be
slightly deformed. Each mass mr is excited by a harmonic ver-
tical force Fr chosen, in each case, according to the nonlinear
mode to be dominantly excited. The undeformed initial posi-
tion of this system is presented in Fig. 2.
The momentumMr in the rth spiral spring is given by:
Mr ¼ ClrðDhÞ  Cnlr ðDhÞ3 ð1Þ
with Dh = hr  hr1.
The transverse displacement of the mass mi from the initial,
unstretched position of the spring is denoted as yi. The dis-
placement vector {y} deﬁned by {y}T = [y1y2    yr    yN]
can be written as:
fyg ¼ y1~u1 þ y2~u2 þ    þ yr~ur þ    þ yN~uN
¼ y1~/1 þ y2~/2 þ    þ yr~/r þ . . . þ yN~/N ð2Þ
Figure 1 N-dof discrete system of N masses and N+ 2 spiral springs.
Figure 2 Equilibrium position of N-dof discrete system of N masses and N+ 2 spiral springs.
Geometrically nonlinear transverse steady-state 195where f~u1 ~u2    ~ur    ~uNg is the Displacement Basis (DB)
deﬁned by the vectors {u1}
T = [10    0    0]; {u2}T = [01
   0    0]; {ur}T = [00    1    0] and {uN}T = [00    0   
1]. f~/1 ~/2    ~/r    ~/Ng is the Modal Basis (MB) deﬁned
by the vectors {/i}
T = [u1iu2i    uri    uNi] representing the
ith linear mode shape of the N-dof system. As can be seen in
Eq. (2), the components of the displacements of the masses
m1, m2, . . . , mr, . . . , mN in DB and MB are denoted by
[y1y2    yr    yN] and ½y1 y2    yr    yN, respectively. The
transition matrix from DB to MB is the matrix of the column
vectors ~/r.
fy1 y2    yr    yNgT ¼ ½/Tfy1 y2    yr    yNg ð3Þ
where [/] is the transition matrix from DB to MB writen as:
½/ ¼
u11   u1r    u1N
       
   urr    
       
uN1   uNr    uNN
2
6666664
3
7777775
ð4Þ
The system is supposed to be subject to the harmonic exci-
tation force given by:
Fi ¼ fi cosðxtÞ ¼ fjuij cosðxtÞ i; j ¼ 1;N ð5Þ
where fi is the amplitude of the vertical excitation force Fi ap-
plied to the mass mi expressed in DB, fi is the amplitude com-
ponent of the excitation force Fi expressed in MB and x is the
excitation frequency.
Assume a harmonic motion deﬁned by:
yi ¼ Ai cosðxtÞ ¼ ajuij cosðxtÞ i; j ¼ 1;N ð6Þ
where Ai is the modulus of the displacement yi of the mass mi
expressed in DB (or the contribution of the normalized vector
~ui of DB), and ai is the component of the displacement yi
expressed in MB (or the contribution of the normalized vector
~/i of MB).
In order to adopt the theory developed in [16–20], the ki-
netic, linear and nonlinear potential energies of the N-dof sys-
tem are developed as:T ¼ 1
2
_yi _yjmij ¼ 1
2
aiajx
2 mij sin
2ðxtÞ i; j ¼ 1;N ð7Þ
Vl ¼ 1
2
yiyjkij ¼
1
2
aiaj kij cos
2ðxtÞ i; j ¼ 1;N ð8Þ
Vnl ¼ 1
2
yiyjykylbijkl ¼
1
2
aiajakal bijkl cos
4ðxtÞ i; j; k; l ¼ 1;N
ð9Þ
where mij, kij and bijkl are the general term in DB of the mass
tensor, the general term of the linear rigidity tensor and the
general term of the nonlinear rigidity tensor, respectively.
mij, kij and bijkl are the general term in MB of the mass tensor,
the general term of the linear rigidity tensor and the general
term of the nonlinear rigidity tensor, respectively.
The relationships between the expressions for the general
term of the mass tensor, the general term of the linear rigidity
tensor and the general term of the nonlinear rigidity tensor in
DB and MB can be obtained using the transition matrix [uij] as
in [20]:
mij ¼ usiutjmst
kij ¼ usiutjkst i; j; k; l; s; t; p; q ¼ 1;N
bijkl ¼ usiutjupkuqlbstpq
ð10Þ
The kinetic energy of the N-dof system, exhibiting a har-
monic motion can be written as:
T ¼ 1
2
PN
i¼1
mi _y
2
i ¼
1
2
x2
PN
i¼1
miA
2
i
 
sin2ðxtÞ ð11Þ
Identifying Eqs. (7) and (11) leads to the following expres-
sions for the mass tensor in DB:
mij ¼
mi for i ¼ j
0 for i–j

ð12Þ
For relatively small displacements, compared to the bars’
lengths, of the discrete system shown in Fig. 1, an approximate
expression for sinhi can be written as follows:
sin hi ¼ yi  yi1
l
 hi i ¼ 1;Nþ 1 ð13Þ
196 A. Eddanguir et al.with y1 = y0 = yN+1 = yN+2 = 0, so that the linear poten-
tial energy Vl of the N-dof system can be expressed as:
Vl ¼ 1
2
PNþ2
i¼1
Cliðhi  hi1Þ2 ¼
1
2l2
PNþ2
i¼1
Cliðyi  2yi1 þ yi2Þ2
 
ð14Þ
The generalized linear elastic forces associated to Vl can be ob-
tained by:
Flr ¼ 
@Vl
@yr
r ¼ 1;N ð15Þ
By applying Eq. (15) to the expression for Vl in Eq. (14), we
deduce that the rth mass is subject, from the spiral springs r,
r+ 1 and r+ 2, to the elastic forces given by:
Flr ¼ 
1
l2
ðyr  2yr1 þ yr2ÞClr  2ðyrþ1  2yr þ yr1ÞClrþ1

þ yrþ2  2yrþ1 þ yrÞClrþ2
 	 ð16Þ
On the other hand, by applying Eq. (15) to the expression
for Vl given in Eq. (8), we get:
Flr ¼ 
1
2
½yjkrj þ yikir ¼ yikir i; j; r ¼ 1;N ð17Þ
in which the classical symmetry relation is supposed to be sat-
isﬁed, i.e.
kij ¼ kji i; j ¼ 1;N ð18Þ
The identiﬁcation of the expression for the linear forces
written in Eqs. (16) and (17) allows obtaining the linear rigidity
tensor as follows:
krr ¼ 1
l2
Clr þ 4Clrþ1 þ Clrþ2
 

r ¼ 1; . . . ;N ð19Þ
krþ1r ¼  2
l2
Clrþ1 þ Clrþ2
 

r ¼ 1; . . . ;N 1 ð20Þ
krþ2r ¼
Clrþ2
l2
r ¼ 1; . . . ;N 2 ð21Þ
The other values of kij are equal to zero.
Due to the nonlinear stretching forces in the N+ 2 spiral
springs, the nonlinear potential energy Vnl of the N-dof system
is given by:
Vnl ¼ 1
4
PNþ2
i¼1
Cnli ðhi  hi1Þ4
¼ 1
4l4
PNþ2
i¼1
Cnli yi  2yi1 þ yi2ð Þ4
 
ð22Þ
The associated generalized nonlinear elastic forces can be
obtained by:
Fnlr ¼ 
@Vnl
@yr
r ¼ 1;N ð23Þ
By applying Eq. (23) to the expression for Vnl in Eq. (22),
we get:
Fnlr ¼ 
1
l4
ðyr  2yr1 þ yr2Þ3Cnlr  2ðyrþ1  2yr þ yr1Þ3Cnlrþ1
h
þ yrþ2  2yrþ1 þ yrÞ3Cnlrþ2
 i
ð24Þ
On the other hand, by applying Eq. (23) to the expression
for Vnl given in Eq. (9), we get:
Fnlr ¼ 2yiyjykbijkr i; j; k; r ¼ 1;N ð25Þin which the symmetry relationships usually adopted for con-
tinuous structures is used (see for example reference [17]), i.e.
bijkl ¼ bijlk ¼ bklij ¼ bikjl i; j; k; l ¼ 1;N ð26Þ
are assumed to be satisﬁed.
The identiﬁcation of the expressions for the nonlinear
forces, written in Eqs. (24) and (25), allow obtaining the non-
linear rigidity terms as follows:
brrrr ¼ 1
2l4
Cnlr þ 16 Cnlrþ1 þ Cnlrþ2
 

; r ¼ 1;N ð27Þ
brrþ1rþ1rþ1 ¼ brþ1rrþ1rþ1 ¼ brþ1rþ1rrþ1 ¼ brþ1rþ1rþ1r
¼  1
l4
ðCnlrþ1 þ 4Cnlrþ2Þ; r ¼ 1;N 1 ð28Þ
brrþ1rþ1r ¼ brþ1rrþ1r ¼ brþ1rþ1rr ¼ brrþ1rrþ1 ¼ brþ1rrrþ1
¼ brrrþ1rþ1 ¼ 2
l4
Cnlrþ1 þ Cnlrþ2
 

; r ¼ 1;N 1 ð29Þ
brrrrþ1 ¼ brrrþ1r ¼ brrþ1rr ¼ brþ1rrr
¼  1
l4
4Cnlrþ1 þ Cnlrþ2
 

; r ¼ 1;N 1 ð30Þ
brrþ2rþ2rþ2 ¼ brþ2rrþ2rþ2 ¼ brþ2rþ2rrþ2 ¼ brþ2rþ2rþ2r
¼ 1
2l4
Cnlrþ2; r ¼ 1;N 2 ð31Þ
brrþ1rþ2rþ2 ¼ brþ2rrþ1rþ2 ¼ brþ2rrþ2rþ1 ¼ brþ1rrþ2rþ2 ¼ brþ2rþ1rrþ2
¼ brrþ2rþ2rþ1 ¼ brþ2rþ2rrþ1 ¼ brþ1rþ2rrþ2 ¼ brrþ2rþ1rþ2
¼ brþ2rþ2rþ1r ¼ brþ1rþ2rþ2r ¼ brþ2rþ1rþ2r
¼  C
nl
rþ2
l4
; r ¼ 1;N 2 ð32Þ
brrþ2rþ1rþ1 ¼ brþ1rrþ2rþ1 ¼ brþ1rrþ1rþ2 ¼ brþ2rrþ1rþ1 ¼ brþ1rþ2rrþ1
¼ brrþ1rþ1rþ2 ¼ brþ1rþ1rrþ2 ¼ brþ2rþ1rrþ1 ¼ brrþ1rþ2rþ1
¼ brþ1rþ1rþ2r ¼ brþ2rþ1rþ1r ¼ brþ1rþ2rþ1r
¼ 2C
nl
rþ2
l4
; r ¼ 1;N 2 ð33Þ
brþ2rrrþ1 ¼ brþ2rrþ1r ¼ brþ2rþ1rr ¼ brþ1rþ2rr ¼ brþ1rrþ2r
¼ brþ1rrrþ2 ¼ brrþ2rrþ1 ¼ brrþ2rþ1r ¼ brrrþ2rþ1
¼ brrrþ1rþ2 ¼ brrþ1rþ2r ¼ brrþ1rrþ2
¼ C
nl
rþ2
l4
; r ¼ 1;N 2 ð34Þ
brrrrþ2 ¼ brrrþ2r ¼ brrþ2rr ¼ brþ2rrr ¼
Cnlrþ2
2l4
; r ¼ 1;N 2
ð35Þ
brrþ2rþ2r ¼ brþ2rrþ2r ¼ brþ2rþ2rr ¼ brrþ2rrþ2 ¼ brþ2rrrþ2
¼ brrrþ2rþ2 ¼ C
nl
rþ2
2l4
; r ¼ 1; . . . ;N 2 ð36Þ
The other values of bijkl are equal to zero.
3. Amplitude equation for the nonlinear vibration problem
3.1. General equations
The dynamic behavior of the system may be obtained by
Lagrange’s equations for a conservative system as follows:
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@t
@T
@ _qr
 
þ @T
@qr
 @V
@qr
¼ Fr r ¼ 1;N ð37Þ
If we replace T and V (V= Vl + Vnl) in the above equation
by their expressions given in Eqs. (7)–(9), expand the trigono-
metric function and apply the harmonic balance method, we
get the following set of nonlinear algebraic equations:
3
2
aiajak bijkr þ ai kir  aix2 mir ¼ fr i; j; k; r ¼ 1;N ð38Þ
which can be written in a matrix form as:
3
2
½BðaÞfag þ ½Kfag  x2½Mfag ¼ ffg ð39Þ
where x is the excitation frequency.
3.2. The linear solution
If the nonlinear term 3
2
½BðaÞfag is neglected in Eq. (39), the
classical eigen value problem, very well known for linear sys-
tems, is obtained, i.e.
½Kfag  x2½Mfag ¼ ffg ð40Þ
The above equation leads to the classical linear response as
follows:
fygl ¼
PN
i¼1
fi
kii  x2 mii
~/i ð41Þ
Particularly, if the excitation force is chosen in a way that the
rth mode is exclusively excited, i.e., in MB fr ¼ 1 and fi ¼ 0 for
i „ r, the response is reduced to:
fygl ¼
fr
krr  x2 mrr
~/r ð42Þ
for any amplitude of excitation.
It will be shown below that the situation may be different
from this scheme, if the nonlinear effects are taken into ac-
count, i.e. if the nonlinear term 3
2
½BðaÞfag is not neglected in
Eq. (39).
3.3. The nonlinear solution in the neighborhood of the ith mode
Now, if we consider the nonlinear algebraic system (38), it has
to be solved for determination of the nonlinear frequency
response function of the N-dof systems treated.
This system is solved here using the so-called ﬁrst formu-
lation in [58] leading to an analytical expression for the
nonlinear frequency response function in the neighborhood
of each mode. The N-dof system is supposed here to be
excited in such manner that only the ith mode is predominant
in the response.
The formulation is based on an approximation which
consists on assuming that the contribution vector {a}T =
[a1a2    ai1aiai+1    aN] can be written as {a}T = [e1 e2   
ai    eN]. Then, in the expression asaua bsur of Eq. (38), which
involves summation for the repeated indices s, u, over the
range 1 to N, the ﬁrst, second and third order terms with re-
spect to es, i.e. terms of the type a2i e
biir, of the type aieue biur
or of the type euees busr, are neglected, so that the only remain-
ing term is a3i
biiir. This approximation leads to:
ðkjr  x2 mjrÞej þ 3
2
a3i
biiir ¼ fr for r ¼ 1 to N; r–i ð43Þwhere the repeated index j should be summed over the range
r= 1 to i  1 and i+ 1 to N. On the other hand, since the
use of N-dof linear mode shapes as basic functions leads to
diagonal mass and rigidity matrices, Eq. (43) can be written as:
ðkrr  x2 mrrÞer þ 3
2
a3i
biiir ¼ fr for r ¼ 1 to N; r–i ð44Þ
in which no summation is involved.
The above system allows to explicitly obtain the modal con-
tributions e1, e2, . . . , ei1, ei+1, . . . , eN, in MB, of the other ba-
sic functions, corresponding to a given value ai of the assigned
ith basic function contribution, i.e. the ith linear mode shape of
the N-dof discrete system, as follows:
ai ¼
fi  32 a3i biiii
ðkii  x2 miiÞ
for ith linear mode ð45Þ
er ¼
fr  32 a3i biiir
ðkrr  x2 mrrÞ
for r ¼ 1 to N; r–i ð46Þ
In the above equation, the e0rs depend on the classical modal
parameters krr; mrr the nonlinear modal parameter biiir, the i
th
modal contribution ai and the nonlinear frequency parameter
x, given, from Eq. (45), as follows:
x
xiL
 2
¼ 1þ 3
2
biiii
kii
a2i 
fi
ai kii
ð47Þ
where xiL is the ith linear frequency parameter given by:
xiL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kii= mii
q
ð48Þ
Eq. (46) is an explicit simple formula which allows direct cal-
culation of the other modal contributions to the nonlinear re-
sponse in the neighborhood of the ith nonlinear mode shape,
as functions of the assigned modal function contribution ai
and the known parameters mrr; krr, and briii.
The nonlinear steady-state forced periodic response {ynl(ai)}
of the N-dof system considered is given by:
fynlðaiÞg ¼
fi  32 a3i biiii
ðkii  x2 miiÞ
~/i þ
PN
r¼1
r–i
fr  32 a3i biiir
ðkrr  x2 mrrÞ
~/r ð49Þ
It appears as the sum of the linear response {y}l usually ob-
tained for Eq. (41), and a term due to the nonlinearity given
by:
fyðaiÞgnl ¼
PN
r¼1
 3
2
a3i
biiir
ðkrr  x2 mrrÞ
~/r ð50Þ4. Applications
In this section, two applications of the theory presented earlier
are given in order to illustrate the kind of results, one can ob-
tain using the present model for various geometries and excita-
tion cases of 5-dof systems, composed of ﬁve masses and seven
nonlinear spiral springs as shown in Fig. 3.
The distribution of the driving forces has been chosen in
each case in order to excite exclusively the rth mode. The val-
ues of the excitation amplitude fi of each force Fi = ficos(xt) in
DB are given by: fi = uirf, with uir being the ith component of
the rth mode shape ~/r and f is the amplitude of the exciting
force. This choice ensures that in each case, the corresponding
mode is predominant in the response. In all systems, the length
Figure 3 5-dof discrete system of ﬁve masses and seven spiral springs.
Table 1 The linear frequencies and the mode shapes of the two treated systems.
Modes 1 2 3 4 5
Linear frequencies (rad/s) x1L x2L x3L x4L x5L
2.9125 7.6651 13.6809 19.5255 23.7562
ur1 ur2 ur3 ur4 ur5
Mode vectors 0.2422 0.4679 0.5860 0.5301 0.3128
0.5037 0.5301 0.0550 0.4679 0.4932
0.6124 0 0.5541 0 0.5637
0.5037 0.5301 0.0550 0.4679 0.4932
0.2422 0.4679 0.5860 0.5301 0.3128
Table 2 The components of the amplitude excitation fi of the
treated systems for each mode in DB.
Modes f1 f2 f3 f4 f5
1 0.2422 0.5037 0.6124 0.5037 0.2422
2 0.4679 0.5301 0 0.5301 0.4679
3 0.5860 0.0550 0.5541 0.0550 0.5860
4 0.5301 0.4679 0 0.4679 0.5301
5 0.3128 0.4932 0.5637 0.4932 0.3128
Table 3 The components of the amplitude excitation fi of the
treated systems for each mode in MB.
Modes f1 f2 f3 f4 f5
1 1 0 0 0 0
2 0 1 0 0 0
3 0 0 1 0 0
4 0 0 0 1 0
5 0 0 0 0 1
198 A. Eddanguir et al.of all bars is the same, i.e. l= 0.5 m and the excitation ampli-
tude is f= 1 N.
The linear solutions of the systems treated in this section
are calculated using the software matlab. They are summarized
in Table 1. The values of the components of the excitation
amplitude of the linear and nonlinear treated system for each
mode in DB and MB are given in Tables 2 and 3 respectively.
4.1. The linear response of a symmetric system (System 1)
For the system shown in Fig. 4, a symmetric distribution of
masses and linear rigidities is adopted.
The characteristics of this system are given by:
m1 ¼ m2 ¼ m3 ¼ m4 ¼ m5 ¼ 1 kg
Cl1 ¼ Cl2 ¼ Cl3 ¼ Cl4 ¼ C51 ¼ Cl6 ¼ Cl7 ¼ 10 Nm
Cnl1 ¼ Cnl2 ¼ Cnl3 ¼ Cnl4 ¼ Cnl5 ¼ Cnl6 ¼ Cnl7 ¼ 0 Nm
l ¼ 0:5 m:
Using the theory presented in Section 3.2, the numerical results
corresponding to the response of system 1 for the ﬁrst linear
mode shape are plotted in Fig. 5 where the amplitudes Ai
(i= 1, 2, 3, 4, 5) are plotted versus the non dimensional
frequency x/x1L. In Fig. 6, the ﬁrst contribution a1 is plottedFigure 4 Symmetric distribution of ﬁve maversus the non dimensional frequency x/x1L while in Fig. 7,
the contributions ei (i= 2, 3, 4, 5) are plotted versus the nonsses and seven linear rigidities (system 1).
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Figure 5 The magnitude of the amplitudes Ai (i= 1, 2, 3, 4, 5) in DB (System 1 – Mode 1).
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Figure 7 The magnitude of the contributions ei (i= 2, 3, 4, 5) in MB (system 1 – mode 1).
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Figure 6 The magnitude of the contribution a1 in MB (system 1 – mode 1).
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Figure 8 Symmetric distribution of ﬁve masses seven nonlinear rigidities (system 2).
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Figure 10 The magnitude of the contribution a1 in MB (system 2 – mode 1).
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Figure 9 The magnitude of the amplitudes Ai (i= 1, 2, 3, 4, 5) in DB (system 2 - mode 1).
Table 4 The values of the nonlinear modal parameters mrr, krr and briii with (r, i= 1, 2, 3, 4, 5) for the ﬁve nonlinear mode shapes of
the nonlinear treated system expressed in MB.
r mrr krr br111 br222 br333 br444 br555
1 1 8.4828 12.262 0 418.898 0 51.274
2 1 58.7548 0 475.455 0 835.366 0
3 1 187.1597 5.594 0 6663.702 0 11223.178
4 1 381.2451 0 355.366 0 24364.545 0
5 1 564.3573 20.888 0 694.594 0 56652.617
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Figure 11 The magnitude of the contributions ei (i= 2, 3, 4, 5) in MB (system 2 – mode 1).
7 7.5 8 8.5 9 9.5 10 10.5 11 11.5 12
0.005
0.01
0.015
0.02
0.025
0.03
0.035
0.04
0.045
0.05
Non dimensionnel frequency ω/ωL1
M
ag
ne
tu
de
 o
f A
m
pl
itu
de
s 
A
i (
i=
1,
2,
3,
4,
5)
A2 and A4
A1 and A5
Displacement Basis
A3
Figure 12 The magnitude of the amplitudes Ai in DB (system 2 – mode 5).
Geometrically nonlinear transverse steady-state 201dimensional frequency x/x1L. As has been mentioned earlier,
the ei (i= 1, 2, 3, 4, 5) are very small compared to a1.
4.2. The nonlinear response of a symmetric system (System 2)
For the system shown in Fig. 8, a symmetric distribution of the
masses, the linear rigidities and the nonlinear rigidities are
adopted.
The characteristics of this system are given by:
m1 ¼ m2 ¼ m3 ¼ m4 ¼ m5 ¼ 1 kg
Cl1 ¼ Cl2 ¼ Cl3 ¼ Cl4 ¼ C51 ¼ Cl6 ¼ Cl7 ¼ 10 Nm
Cnl1 ¼ Cnl2 ¼ Cnl3 ¼ Cnl4 ¼ Cnl5 ¼ Cnl6 ¼ Cnl7 ¼ 150 Nm
l ¼ 0:5 m:The values of mrr; krr and briii for the nonlinear treated
system (with i, r= 1–5) are given in Table 4.
For system 2, using the theory presented in Section 3.3, cal-
culations have been performed to obtain the nonlinear re-
sponse in the neighborhood of the ﬁrst and the ﬁfth
nonlinear mode shapes. The numerical results obtained in
the neighborhood of the ﬁrst linear mode are plotted in
Fig. 9 where the displacement amplitudes Ai (i= 1, 2, 3, 4,
5) of all masses mi are plotted versus the frequency parameter
x/x1L. This shows that the nonlinear response in the neighbor-
hood of the ﬁrst mode of the 5 dof system examined remains
proportional to the ﬁrst linear mode. In Fig. 10, the contribu-
tion a1 is plotted versus the frequency parameter x/x1L and in
Fig. 11, the contribution ei (i= 2, 3, 4, 5) are plotted versus the
frequency parameter x/x1L.
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Figure 13 The magnitude of the contribution a5 in MB (system 2 – mode 5).
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Figure 14 The magnitude of the contributions ei (i= 1, 2, 3, 4) in MB (system 2 – mode 5).
202 A. Eddanguir et al.For the nonlinear response in the neighborhood of the ﬁfth
nonlinear mode, the displacement amplitudes Ai (i= 1, 2, 3, 4,
5) of all masses mi are plotted versus the frequency parameter
x/x1L. In Fig. 12. The assigned contribution a5 of the ﬁfth
mode shape of system 2 is plotted in Fig. 13 and the contribu-
tion ei (i= 1, 2, 3, 4) are plotted in Fig. 14. As has been men-
tioned earlier, the ei (i= 1, 2, 3, 4) are small compared to a5.
As it may be expected, due to the symmetry in the geometry
and in the distribution of the nonlinear rigidity parameters
of this case. Also, a hardening type behavior is observed (a
shift to the right of the frequency response function).
5. Conclusion
In the series of works cited in Refs. [1–21], the method based
on Hamilton’s principle and spectral analysis, which has been
applied since the 80 s to examine the dynamic behavior of
many continuous structures such as beams, plates, shells andrings, has been applied in the last few years to examine the
nonlinear free and forced longitudinal and transverse
vibrations of discrete systems with cubic nonlinearities. The
theoretical formulation of this method has been presented
and the expressions for the general terms of the mass, the
linear and the nonlinear rigidity tensors have been derived,
which demonstrated the possibility to have a uniﬁed approach
to a large class of nonlinear vibration problems, i.e. continuous
and discrete.
The main objective of the present paper has been the exten-
sion of the method to the nonlinear forced transverse response
of N-dof discrete systems. The nonlinear response function has
been expanded as a series involving all of the linear modes and
has been computed for various distributions of the inertia and
linear and nonlinear rigidities. The computer program devel-
oped has been shown to be very efﬁcient, ﬂexible and allows
very easy and quick calculations for any choice of parameter
distributions. The results have shown that the nonlinear
Geometrically nonlinear transverse steady-state 203response in the neighborhood of each mode of the N-dof sys-
tem considered remains proportional to the corresponding
mode in the case of a complete symmetry of the problem.
However, the present model is expected to quite simply and
efﬁciently represent the nonlinear dynamic behavior of beams
with various end conditions, i.e. free, simply supported,
clamped or with elastic constraints at the ends; beams carrying
concentrated masses; beams with discontinuities in sections,
elasticity distributions, etc. The use of nonlinear torsional
spring is also appropriate for simply representing the high cur-
vatures induced by the nonlinearity when one or two ends are
free, which would complete our previous studies on nonlinear
vibrations of beams constrained at the two ends.
Appendix A. Details of calculation of the expressions for the
nonlinear rigidity tensor in DB
The symmetry relations written in expression (26) are adopted,
i.e.
bijkl ¼ bijlk ¼ bklij ¼ bikjl i; j; k; l ¼ 1; . . . ;N
The nonlinear force applied to masse mr is given by:
Fnlr ¼ 
1
l4
Cnlr ðyr  2yr1 þ yr2Þ3  2Cnlrþ1ðyrþ1  2yr þ yr1Þ3
h
þ Cnlrþ2ðyrþ2  2yrþ1 þ yrÞ3
i
ð51Þ
The nonlinear potential energy of the system is given by:
Vnl ¼ 1
2
yiyjykylbijkl i; j; k; l ¼ 1; . . . ;N ð52Þ
The nonlinear force applied to mass mris given as:
Fnlr ¼ 
@Vnl
@yr
¼  1
2
yjykylbrjkl þ yiykylbirkl þ yiyjylbijrl þ yiyjykbijkr
 	
¼  1
2
yiyjyk½brijk þ birjk þ bijrk þ bijkr
¼ 2 yiyjyk brijk; r; i; j; k; l ¼ 1; . . . ;N ð53Þ1. For i= j= k= r, Eqs. (51) and (53) lead to:
2y3r brrrr ¼ 
1
l4
Cnlr þ 16 Cnlrþ1 þ Cnlrþ2
 

y3r ð54Þ
which leads to:
brrrr ¼ 1
2l4
Cnlr þ 16 Cnlrþ1 þ Cnlrþ2
 

r ¼ 1; . . . ;N ð55Þ
2. For i= j= k= r+ 1, Eqs. (51) and (53) lead to:
2y3rþ1brrþ1rþ1rþ1 ¼
2
l4
Cnlrþ1 þ 4Cnlrþ2
 

y3rþ1 ð56Þ
which leads to:
brrþ1rþ1rþ1 ¼ brþ1rrþ1rþ1 ¼ brþ1rþ1rrþ1
¼ brþ1rþ1rþ1r
¼  1
l4
Cnlrþ1 þ 4Cnlrþ2
 
 ; r ¼ 1; . . . ;N 1 ð57Þ3. For (i= j= r+ 1 and k= r), for (i= k= r+ 1 and
j= r) and for (i= r and j= k= r+ 1). Eqs. (51) and
(53) lead to:2y2rþ1yrðbrrþ1rþ1r þ brrþ1rrþ1 þ brrrþ1rþ1Þ
¼  12
l4
yry
2
r1 C
nl
rþ1 þ Cnlrþ2
 

which gives:
6y2rþ1yrbrrþ1rþ1r ¼ 
12
l4
yry
2
r1 C
nl
rþ1 þ Cnlrþ2
 
 ð58Þ
This permits to obtain:
brrþ1rþ1r ¼ brþ1rrþ1r ¼ brþ1rþ1rr ¼ brrþ1rrþ1
¼ brþ1rrrþ1 ¼ brrrþ1rþ1
¼ 2
l4
Cnlrþ1 þ Cnlrþ2
 
 ; r ¼ 1; . . . ;N 1
ð59Þ
4. For (i= j= randk= r+ 1), for (i= k= r and
j= r+ 1) and for (i= r+ 1 and j= k= r). Eqs. (51)
and (51) lead to:
2y2r yrþ1ðbrrrrþ1 þ brrrþ1r þ brrþ1rrÞ ¼
6
l4
y2r yrþ1 4C
nl
rþ1 þ Cnlrþ2
 

i.e.:
6y2r yrþ1brrrrþ1 ¼
6
l4
4Cnlrþ1 þ Cnlrþ2
 

y2r yrþ1 ð60Þ
which permits to obtain:
brrrrþ1 ¼ brrrþ1r ¼ brrþ1rr
¼ brþ1rrr ¼  1l4 4Cnlrþ1 þ Cnlrþ2
 
 ; r ¼ 1; . . . ;N 1 ð61Þ
5. For (i= j= k= r+ 2), Eqs. (51) and (53) lead to:
2y3rþ2brrþ2rþ2rþ2 ¼ 
1
l4
Cnlrþ2y
3
rþ2 ð62Þ
which permits to obtain:
brrþ2rþ2rþ2 ¼ brþ2rrþ2rþ2 ¼ brþ2rþ2rrþ2
¼ brþ2rþ2rþ2r ¼ 12l4 Cnlrþ2
; r ¼ 1; . . . ;N 2 ð63Þ6. For (i= r+ 1 and j= k= r+ 2), for (i= k= r+ 2
and j= r+ 1) and for (i= j= r+ 2 and k= r+ 1).
Eqs. (51) and (53) lead to:
2y2rþ2yrþ1ðbrrþ1rþ2rþ2 þ brrþ2rþ1rþ2 þ brrþ2rþ2rþ1Þ
¼ 6
l4
Cnlrþ2y
2
rþ2yrþ1
which gives:
6y2rþ2yrþ1brrþ1rþ2rþ2 ¼
6
l4
Cnlrþ2y
2
rþ2yrþ1 ð64Þ
which permits to obtain:
brrþ1rþ2rþ2 ¼ brþ2rrþ1rþ2 ¼ brþ2rrþ2rþ1
¼ brþ1rrþ2rþ2 ¼ brþ2rþ1rrþ2
¼ brrþ2rþ2rþ1 ¼ brþ2rþ2rrþ1
¼ brþ1rþ2rrþ2 ¼ brrþ2rþ1rþ2
¼ brþ2rþ2rþ1r ¼ brþ1rþ2rþ2r
¼ brþ2rþ1rþ2r ¼  C
nl
rþ2
l4
; r ¼ 2; . . . ;N 2 ð65Þ7. For (i= r+ 2 and j= k= r+ 1), for (i= k= r+ 1
and j= r+ 2) and for (i= j= r+ 1 and k= r+ 2).
Eqs. (51) and (53) lead to:
204 A. Eddanguir et al.2y2rþ1yrþ2ðbrrþ2rþ1rþ1 þ brrþ1rþ2rþ1 þ brrþ1rþ1rþ2Þ
¼  12
l4
Cnlrþ2y
2
rþ1yrþ2
which gives:
6y2rþ1yrþ2brrþ2rþ1rþ1 ¼ 
12
l4
Cnlrþ2y
2
rþ1yrþ2 ð66Þ
which permits to obtain:
brrþ2rþ1rþ1 ¼ brþ1rrþ2rþ1 ¼ brþ1rrþ1rþ2
¼ brþ2rrþ1rþ1 ¼ brþ1rþ2rrþ1
¼ brrþ1rþ1rþ2 ¼ brþ1rþ1rrþ2
¼ brþ2rþ1rrþ1 ¼ brrþ1rþ2rþ1
¼ brþ1rþ1rþ2r ¼ brþ2rþ1rþ1r
¼ brþ1rþ2rþ1r ¼ 2C
nl
rþ2
l4
; r ¼ 2; . . . ;N 2 ð67Þ
8. For (i= j= r+ 2 and k= r), for (i= k= r+ 2 and
j= r) and for (i= r and j= k= r+ 2). Eqs. (51) and
(53) lead to:
2y2rþ2yrðbrrþ2rþ2r þ brrþ2rrþ2 þ brrrþ2rþ2Þ ¼ 
3
l4
yry
2
rþ2C
nl
rþ2
which gives:
6y2rþ1yrbrrþ1rþ1r ¼ 
3
l4
yry
2
rþ2C
nl
rþ2 ð68Þ
which permits to obtain:
brrþ2rþ2r ¼ brþ2rrþ2r ¼ brþ2rþ2rr
¼ brrþ2rrþ2 ¼ brþ2rrrþ2
¼ brrrþ2rþ2 ¼ C
nl
rþ2
2l4
; r ¼ 1; . . . ;N 2 ð69Þ
9. For (i= r+ 2 and j= k= r), for (i= k= r and
j= r+ 2) and for (i= j= r and k= r+ 2). Eqs. (51)
and (53) lead to:
2y2r yrþ2ðbrrrrþ2 þ brrrþ2r þ brrþ2rrÞ ¼ 
3
l4
Cnlrþ2y
2
r yrþ2
which gives:
6y2r yrþ2brrrrþ2 ¼ 
3
l4
Cnlrþ2y
2
r yrþ2 ð70Þ
which permits to obtain:
brrrrþ2 ¼ brrrþ2r ¼ brrþ2rr
¼ brþ2rrr ¼ C
nl
rþ2
2l4
; r ¼ 1; . . . ;N 2 ð71ÞFigure 15 N-dof discrete system with in10. For (i,j,k= (r,r+ 1,r+ 2)). Eqs. (51) and (53) lead to:
 2yrþ2yryrþ1ðbrrþ2rrþ1 þ brrþ2rþ1r þ brrrþ2rþ1 þ brrrþ1rþ2
þ brrþ1rþ2r þ brrþ1rrþ2Þ
¼ 12
l4
Cnlrþ2yrþ1yryrþ2 ð72Þ
which gives:
12yrþ2yryrþ1brrþ2rrþ1 ¼
12
l4
Cnlrþ2yrþ1yryrþ2 ð73Þ
which permits to obtain:
brþ2rrrþ1 ¼ brþ2rrþ1r ¼ brþ2rþ1rr
¼ brþ1rþ2rr ¼ brþ1rrþ2r
¼ brþ1rrrþ2 ¼ brrþ2rrþ1
¼ brrþ2rþ1r ¼ brrrþ2rþ1
¼ brrrþ1rþ2 ¼ brrþ1rþ2r
¼ brrþ1rrþ2 ¼  C
nl
rþ2
l4
; r ¼ 1; . . . ;N 2 ð74ÞAppendix B. Comparison between the model in which it is
assumed that the mass of bars are concentrated at the nodes
(system 1) and the model assuming that the bars have a
distributed inertia (System 3)
For the ith bar with mass mi and inertia JD (Fig. 15) the kinetic
energy is written as:
Ti ¼ Ttrani þ Troti ¼ 12mi V2Gi þ 12 JDx2i
¼ 1
2
mi
_yiþ1þ _yi
2
 
2 þ 1
2
mil
2
i
12
_yiþ1 _yi
li
 2
¼ 1
2
mi
_y2
i
3
þ _y2iþ1
3
þ _yi _yiþ1
3
h i
with _y0 ¼ _yNþ1 ¼ 0
T ¼ 1
2
PNþ1
i¼1
mi
_y2
i1
3
þ _y2i
3
þ _yi _yi1
3
h i
¼ 1
2
½ _y1    _yN½M
_y1
..
.
_yN
2
664
3
775
with mi = m and ½M ¼ m3
2 0; 5 0    0
2 0; 5 . .
. ..
.
. .
. . .
.
0
sym 2 0; 5
2
0
BBBBBB@
1
CCCCCCA
For the discrete system (system 1) with bars without inertia
(Fig. 1), the total kinetic energy is written as:ertia of the bars taken into account.
Table 5 Bars’ inertia effect on the estimated linear frequencies associated with the ﬁrst and the second linear modes. (System 1: Inertia
of the bars neglected – System 3: Inertia of the bars taken into account).
First linear mode x1 Second linear mode x2
N-ddl System 1 System 3 Error % System 1 System 3 Error %
2 8.9443 7.1459 25.17 20.0000 21.9089 8.71
3 5.7309 5.1334 11.64 14.1421 12.9994 8.79
4 3.9721 3.7861 4.91 10.2271 9.2229 10.89
5 2.9125 2.8575 1.93 7.6652 7.1063 7.86
8 1.4217 1.4250 0.23 3.8413 3.8172 0.63
10 0.9860 0.9897 0.37 2.6818 2.6988 0.63
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2
PN
i¼1
mi _y
2
i ¼ 12 ½ _y1    _yN½M
_y1
..
.
_yN
2
664
3
775
with mi = m and ½M ¼ m
1 0    0
1 . .
. ..
.
sym . .
.
0
1
0
BBB@
1
CCCA
The linear solution of the two systems is given for the ﬁrst
and second mode in Table 5.
The conclusion is that the effect of the inertia may be per-
ceptible only on the frequencies for low values of the number
of degree of freedom (N-dof). When N increases, it tends to
becomes negligible.
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